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QUASIREGULAR SEMIGROUPS WITH EXAMPLES
ALASTAIR FLETCHER
Abstract. Rational semigroups were introduced by Hinkkanen and Martin as a general-
ization of the iteration of a single rational map. There has subsequently been much interest
in the study of rational semigroups. Quasiregular semigroups were introduced shortly after
rational semigroups as analogues in higher real dimensions, but have received far less atten-
tion. Each map in a quasiregular semigroup must necessarily be a uniformly quasiregular
map. While there is a completely viable theory for the iteration of uniformly quasiregular
maps, it is a highly non-trivial matter to construct them. In this paper, we study properties
of the Julia and Fatou sets of quasiregular semigroups and, equally as importantly, give
several families of examples illustrating some of the behaviours that can arise.
1. Introduction
Many aspects of complex dynamics have been carried over to the setting of rational semi-
groups. A rational semigroup G is a collection of rational maps on the Riemann sphere C
where the binary operation is function composition. The semigroup is generated by g1, g2, . . .
and we write G = 〈g1, g2, . . .〉. The study of rational semigroups is a natural generalization
of the iteration theory of a single rational map g. In this case, one can ask for the set on
which the iterates of g behave stably and the set on which the iterates behave chaotically.
These sets are the familiar Fatou set F (g) and Julia set J(g) respectively.
One can define the Fatou and Julia sets for a rational semigroup G via normal families in
the same way as for a rational map. We will give precise definitions below. The study of
rational semigroups was initiated by Hinkkanen and Martin [7] and has been the subject of
much study since, see the recent paper [11] and the references therein.
Currently, there is a great deal of interest in the iteration theory of quasiregular mappings
in Rn. Quasiregular mappings, or mappings of bounded distortion, are the correct gener-
alization of holomorphic functions into Rn, for n ≥ 2, if one wants to have an interesting
function theory. Quasiregular dynamics is then the natural counterpart of complex dynamics
in higher dimensions, see [2] for an introduction to this theory.
Here, we will be mostly interested in uniformly quasiregular mappings (henceforth abbre-
viated to uqr mappings), that is, those for which there is a uniform bound on the distortion
of the iterates. Normal family machinery in this setting allows one to define a Fatou set and
Julia set for uqr mappings and, moreover, these partition Rn. One can then study quasireg-
ular semigroups generated by, necessarily, uqr maps. This was initiated in [9] but, as far as
the author is aware, there has been little systematic study of the properties of quasiregular
semigroups and their Julia and Fatou sets.
In this paper, our purpose is twofold: first, to show that many of the properties that hold
for rational semigroups also hold for quasiregular semigroups. Second, we will construct
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several examples of quasiregular semigroups that illustrate some of the possibilities that can
occur. Perhaps one of the reasons that quasiregular semigroups have not received much
attention is that it is highly non-trivial to construct even uqr maps in higher dimensions.
In dimension two, every uqr map is a quasiconformal conjugate of a holomorphic map, but
no such result is true in higher dimensions. Consequently, it is not obvious that there are
many quasiregular semigroups to apply the theory to. We will exhibit several families of
quasiregular semigroups.
The outline of the paper is as follows. In section two, we will cover preliminary material
on quasiregular mappings and tools we will need. In section three, we will discuss some of
the basic properties of quasiregular semigroups. In section four, we will prove that given a
condition that is satisfied by, for example, finitely generated quasiregular semigroups, the
Julia set is uniformly perfect. In section five, we will exhibit several classes of quasiregular
semigroups, mostly based on families of solutions to the Schröder equation.
2. Preliminaries
2.1. Quasiregular mappings. A quasiregular mapping in a domain U ⊂ Rn for n ≥ 2 is a
continuous mapping in the Sobolev space W 1n,loc(U) where there is a uniform bound on the
distortion, that is, there exists K ≥ 1 such that
|f ′(x)|n ≤ KJf(x)
almost everywhere in U . The minimum such K for which this inequality holds is called the
outer dilatation and denoted by KO(f). As a consequence of this, there is also K
′ ≥ 1 such
that
Jf(x) ≤ K ′ inf
|h|=1
|f ′(x)h|n
holds almost everywhere in U . The minimum such K ′ for which this inequality holds is called
the inner dilatation and denoted by KI(f). If K = max{KO(f), KI(f)}, then K = K(f) is
the maximal dilatation of f . A K-quasiregular mapping is a quasiregular mapping for which
K(f) ≤ K. An injective quasiregular mapping is called quasiconformal.
We will often identify Rn ∪ {∞} with the sphere Sn and use the chordal metric χ. If
A is a Möbius map sending the point at infinity to 0, then we can consider quasiregular
mappings that are either defined at infinity, or have poles, by pre- or post-composing by A
and applying the above condition. Such mappings are sometimes called quasimeromorphic,
but we will keep the nomenclature quasiregular on Sn.
The branch set Bf consists of the points where f is not locally injective. The branch set
for a non-injective quasiregular mapping is always non-empty in dimension at least three.
We refer to [18] for many more details on the foundations of quasiregular mappings, but we
note here the following analogue of Picard’s Theorem due to Rickman.
Theorem 2.1 ([18], Theorem IV.2.1). For every n ≥ 2 and K ≥ 1, there exists a positive
integer q = q(n,K) which depends only on n and K, such that the following holds. Every K-
quasiregular mapping f : Rn → Sn \{a1, . . . , am} is constant whenever m ≥ q and a1, . . . , am
are distinct points in Sn.
We will also require the following result showing that quasiregular maps have bounded
linear distortion. Given f : U → Rn a K-quasiregular map and x ∈ U , for r < d(x, ∂U)
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define
(2.1) L(x, r) = max
|y−x|=r
|f(y)− f(x)|, l(x, r) = min
|y−x|=r
|f(y)− f(x)|.
Then the linear distortion of f at x is
H(x, f) = lim sup
r→0
L(x, r)
l(x, r)
.
Theorem 2.2 ([18], Theorem II.4.3). Let f : U → Rn be a non-constant K-quasiregular
map. Then for every x ∈ U , there exists C depending only on the product i(x, f)KO(f) and
n so that
H(x, f) ≤ C.
2.2. Uqr maps and normal families. For m ≥ 1, we write fm for the m-fold iterate of
f . A mapping is called uniformly K-quasiregular, or K-uqr for short, if K(fm) ≤ K for all
m ≥ 1.
The reason uqr mappings are closely related to holomorphic functions in the plane is the
following analogue of Montel’s Theorem.
Theorem 2.3 ([16]). Let F be a family of K-quasiregular mappings in a domain G ⊂ Sn
and let q = q(n,K) be Rickman’s constant from Theorem 2.1. If there exist distinct points
a1, . . . , aq ∈ Sn such that f(G) ∩ {a1, . . . , aq} = ∅ for all f ∈ F , then F is a normal family.
We recall that F is a normal family of K-quasiregular mappings if it is pre-compact in
the space C(G, Sn) of continuous functions from a domain G ⊂ Sn into Sn in the topology
of local uniform convergence. Moreover, then every limit function is either a constant or a
K-quasiregular mapping by [18, Theorem VI.8.6].
2.3. Quasiregular semigroups. We first recall the definition of a quasiregular semigroup
from [9].
Definition 2.4. A K-quasiregular semigroup G on Sn, for n ≥ 2, is a family of mappings
g : Sn → Sn so that each g ∈ G is K-quasiregular, non-injective and the family is closed
under composition. A quasiregular semigroup is aK-quasiregular semigroup for someK ≥ 1.
If G is generated by {gi : i ∈ I}, then we write G = 〈gi : i ∈ I〉.
Applying Theorem 2.3, we see that G partitions Sn into two sets: one of stable behaviour
and one of chaotic behaviour.
Definition 2.5. Let G be a quasiregular semigroup on Sn, for n ≥ 2. Then:
(i) x ∈ Sn is said to be in the Fatou set of G, denoted by F (G), if there exists a neigh-
bourhood U of x so that G restricted to U is a normal family;
(ii) x ∈ Sn is said to be in the Julia set of G, denoted by J(G), is there is no neighbourhood
U of x on which G restricted to U is a normal family.
It is clear from the definition that F (G) is open and J(G) is closed. We remark that in
the theory of rational semigroups, the Fatou set is often denoted by N(G). In this paper,
we will keep in line with current notation in complex dynamics and use F (G) to denote this
set.
Example 2.6. If f : Sn → Sn is a uqr mapping, then G = {f, f 2, f 3, . . .} is a quasiregular
semigroup generated by the single map f . We then write G = 〈f〉, J(〈f〉) = J(f) and
F (〈f〉) = F (f).
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2.4. Modulus, capacity and uniformly perfect sets. We refer to [23] for more details
on the notions introduced in this subsection.
Write χ and d for the chordal and Euclidean distances on Sn and Rn respectively. The
chordal distance is normalized so that χ(x, y) ≤ 1 for all x, y ∈ Sn with equality if and only
if x and y are antipodal points. Open balls in the chordal metric will be denoted by Bχ(x, r)
for x ∈ Sn and r > 0. Open balls in Rn in the Euclidean metric will be denoted by B(x, r).
We also write Bn = B(0, 1).
For sets E and F in Sn, we write χ(E) for the chordal diameter of E and χ(E, F ) for the
chordal distance between E and F . If E consists of one point x ∈ Sn, we write χ(x, F ).
Similarly, for sets E and F in Rn, we write d(E) for the Euclidean diameter of E and d(E, F )
for the Euclidean distance between E and F . Denote by A(x, r, s) the Euclidean annulus
{y ∈ Rn : r < d(y, x) < s}. The chordal annulus Aχ(x, r, s) is defined analogously.
A domain R ⊂ Sn is called a ring domain if Sn \ R has exactly two components. If the
two components are C0 and C1, then we write R = R(C0, C1).
Given two sets E and F , we write ∆(E, F ;V ) for the family of paths with one end-point
in E, the other end-point in F , and which are contained in V . When V = Sn, we write
∆(E, F ) = ∆(E, F ;Sn).
The n-modulus M(Γ) of a path family Γ is defined by
M(Γ) = inf
∫
Rn
ρn dm,
where m denotes n-dimensional Lebesgue measure, and the infimum is taken over all non-
negative Borel measurable functions ρ such that∫
γ
ρ ds ≥ 1
for each locally rectifiable curve γ ∈ Γ.
The conformal modulus of a ring domain R(C0, C1) is defined by
(2.2) modR(C0, C1) =
(
M(∆(C0, C1))
ωn−1
)1/(1−n)
,
where ωn−1 is the (n− 1)-dimensional area of the unit (n− 1)-sphere. If R0, R1 are two ring
domains with R0 ⊂ R1, then
(2.3) modR0 ≤ modR1.
The capacity of a ring domain R(C0, C1) is defined to be
(2.4) capR = M(∆(C0, C1)).
We recall that a closed set X ⊂ Sn is perfect if and only if it contains no isolated points.
Uniformly perfect sets are perfect in a quantitative way. More precisely, we have the follow-
ing:
Definition 2.7. A closed set X ⊂ Sn containing at least 2 points is called α-uniformly
perfect if there is no ring domain R ⊂ Sn separating X such that modR > α. Further, X is
called uniformly perfect if it is α-uniformly perfect for some α > 0.
We can pass from general ring domains to round ring domains as follows, see for example
[5, Lemma 2.6 and Corollary 2.7].
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Lemma 2.8. A closed set X ⊂ Sn is uniformly perfect if and only if the moduli of the chordal
annuli separating X are bounded from above. Moreover, if X is not uniformly perfect, then
there is a sequence of chordal annuli Am with centres at xm ∈ X and mod(Am)→∞.
3. Basic properties of quasiregular semigroups
In this section, we note some properties of quasiregular semigroups that will be in direct
analogy of those for rational semigroups as outlined in [7]. Throughout this section, G is a
quasiregular semigroup.
Our first result is clear from the normal family definition.
Proposition 3.1. If g ∈ G, then F (G) ⊆ F (g) and J(g) ⊆ J(G).
A set X is called forward invariant under G if g(X) ⊆ X for all g ∈ G, backward invariant
if g−1(X) ⊆ X for all g ∈ G and completely invariant if X is both forward and backward
invariant. It is well-known that the Julia set and Fatou set of a uqr map are completely
invariant and we will see below that the same need not be true for quasiregular semigroups.
We do however have the following two results.
Proposition 3.2. The Fatou set F (G) is forward invariant and the Julia set J(G) is back-
ward invariant.
Proposition 3.3. If G = 〈g1, . . . , gm〉, then
F (G) =
m⋂
i=1
g−1i (F (G)), J(G) =
m⋃
i=1
g−1i (J(G)).
The proof of these results are identical to those for rational semigroups given in [21, Lemma
1.1.4] and are omitted. A point x ∈ Sn is called exceptional if the backward orbit
O−(x) = {y : g(y) = x for some g ∈ G}
is finite. The set of exceptional points is denoted by E(G). If G is finitely generated, then
E(G) ⊂ F (G).
Proposition 3.4. If G is a K-quasiregular semigroup in Sn, then the number of elements
of E(G) is at most q − 1, where q = q(n,K) is Rickman’s constant from Theorem 2.1.
Proof. If E(G) contains at least q points, then the family G applied to Sn \ E(G) must be
normal. This means J(G) contains finitely many elements. However, since each g ∈ G is
not injective, by [4, Lemma 5.3], J(g) contains infinitely many elements. This contradicts
Proposition 3.1. 
Proposition 3.5. If x ∈ Sn \ E(G), then J(G) ⊆ O−(x).
Proof. Let y ∈ J(G) and U any neighbourhood of y. Suppose there is no w ∈ U ′ = U \ {y}
for which g(w) = x for some g ∈ G. Then for any u ∈ O−(x), there is no g ∈ G with
g(w) = u. Since G is not normal in U because y ∈ J(f), O−(x) must contain at most q − 1
points. Then x is exceptional, which was assumed to not be the case. 
Proposition 3.6. The Julia set J(G) is the smallest closed backward invariant set containing
at least q points.
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Proof. The complement of a backward invariant closed set containing at least q points is a
forward invariant open set omitting at least q points. Hence by Theorem 2.3 the complement
must be contained in the Fatou set. 
Proposition 3.7. The Julia set J(G) is a perfect set.
Proof. Since each element g ∈ G is non-injective, J(g) contains infinitely many points for
each g ∈ G. Therefore, by Proposition 3.1, at least one point of J(G) is not exceptional and
consequently J(G) contains infinitely many elements by backward invariance. If we let J ′
denote the derived set of J(G), that is, the set of accumulation points of J(G), then J ′ is
non-empty, closed and backward invariant. The set J ′ cannot be finite since it would then
be exceptional and so J ′ = J(G) by Proposition 3.6. It follows that J(G) cannot have any
isolated points. 
4. Further results on quasiregular semigroups
In this section, we prove some results on quasiregular semigroups where we have to ap-
proach the proofs in at least a somewhat different manner to the corresponding proofs in
rational semigroup theory. This will also require some refinements of results in uqr dynamics.
The main aim of this section is to prove that if G is a quasiregular semigroup satisfying a
certain uniform Hölder condition, then J(G) is uniformly perfect.
We recall from [8] that a fixed point of a uqr map f is called superattracting if it is contained
in the branch set of f . It follows from the local Hölder estimates for quasiregular maps [18,
Theorem III.4.7] (see [8, p.87]) that if x0 = 0 is superattracting for a K-uqr map f with local
index i = i(0, f) ≥ 2, then for every k ∈ N, there is a neighbourhood U of 0 and a constant
C > 0 so that
(4.1) |fk(x)| ≤ C|x|µ,
for all x ∈ U , where µ = (ik/K)1/(n−1). Hence for ik > K large enough, there exists r0 > 0
so that if r < r0 then fk(B(0, r)) ⊂ B(0, r). For our purposes, we need to know that this
is true for k = 1, but as far as we are aware, this result is not available in the literature.
We observe that this property is one way to define attracting fixed points for uqr maps if
i(x0, f) = 1.
In [8], the idea of generalized derivatives is introduced to classify fixed points of uqr maps.
Again assuming the fixed point is x0 = 0, if we define
(4.2) fλ(x) = λf
(x
λ
)
then generalized derivatives arise as limits fλj through sequences λj → ∞. It follows from
Theorem 2.3 and distortion estimates when i(0, f) = 1 (see [8, p.87]) that we can find a
subsequence along which fλj converges to a quasiregular map.
Lemma 4.1. Let U ⊂ Sn be a domain and f : U → Sn a K-uqr map and x0 a superattracting
fixed point of f with x0 ∈ U . Then there exists r0 > 0 so that if r < r0 then f(Bχ(x0, r)) ⊂
Bχ(x0, r).
Proof. There is no loss of generality in assuming x0 = 0, and then we can pass to the
Euclidean metric and use (4.1). By (4.1), we can find C > 0, r0 > 0 and k ∈ N large enough
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so that
(4.3) |fk(x)| ≤ C|x|2,
for |x| < r0. We then consider generalized derivatives for fk at 0. In fact, we have for
|x| < λr0 that
|(fk)λ(x)| = λ
∣∣∣fk (x
λ
)∣∣∣ ≤ C|x|2
λ
.
Consequently, through any sequence λj →∞, the limit of (fk)λj must be identically 0.
Next, we need to show that we can consider generalized derivatives of f itself. To that
end, first note that there exists r1 > 0 so that if r < r1, then l(0, r) ≤ r, recalling (2.1). If
this is not true, then there is a sequence rj → 0 with l(0, rj) > rj. However, this contradicts
(4.3) because then f(B(0, rj)) ⊃ B(0, rj). Next, apply Theorem 2.2 to find r2 > 0 so that if
r < r2 then
L(0, r)
l(0, r)
≤ 2C ′,
where C ′ depends only on n and i(0, f)KO(f). In particular, this implies that if r <
min{r1, r2} then |f(x)| ≤ 2C ′|x| for |x| ≤ r. This uniform Lipschitz estimate implies that f
has generalized derivatives at 0.
Since (fλ)
k = (fk)λ, it follows that if ϕ is any generalized derivative of f , then ϕ
k must
be identically 0. Consequently, so must ϕ.
Now suppose that the result claimed in the lemma is false, that is, we can find a sequence
rj → 0 and xj with |xj| = rj and |f(xj)| ≥ |xj |. Consider fλj , where λj = r−1j and set
yj = λjxj . Since |yj| = 1, we can assume that we have passed to a subsequence where both
yj converges to some point of the unit sphere, and fλj converges to a generalized derivative
ϕ of f . But then
|fλj(yj)| = λj |f(xj)| ≥ λj |xj| = 1.
Consequently ϕ is non-constant, contradicting the fact it must be identically zero. 
We next require the following uqr analogue of [1, Theorem 6.9.4].
Lemma 4.2. Let f : Sn → Sn be a K-uqr map that is not injective, let U be a domain that
meets J(f) and let V be a compact set that does not meet E(f). Then there exists M ∈ N
so that for m ≥M , fm(U) ⊃ V .
Proof. We know that E(f) is a finite set. By the discussion on [8, p. 83], each x ∈ E(f) is
a fixed point of fm for some m with f−m(x) = {x}. It follows that each element of E(f) is
part of a superattracting cycle. By applying Lemma 4.1, we can find a neighbourhood N of
E(f) so that f(N) ⊂ N . If E(f) is empty, we can take N = ∅, otherwise we can assume N
is small enough so that N and V are disjoint.
As U meets J(f), by [8, Proposition 3.2] we can find a neighbourhood U ′ of some point
in J(f) so that U ′ ⊂ U and there exists q ∈ N so that fmq(U ′) is an increasing sequence of
open sets exhausting Sn \ E(f).
Let Q = Sn \ N . Then Q is compact, V ⊂ Q and since f(N) ⊂ N , we have f(Q) ⊃ Q.
Since fmq(U ′) is increasing, there exists t so that Q ⊂ f t(U ′). Then for m ≥ t,
fm(U) ⊃ fm(U ′) ⊃ fm−tf t(U ′) ⊃ fm−t(Q) ⊃ Q ⊃ V.

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Our next lemma shows that the Julia sets of certain compositions accumulate on the
pre-image of a given Julia set, and may even be new for rational functions.
Lemma 4.3. Let g, h be uqr maps Sn → Sn, for n ≥ 2, so that G =< g, h > is a quasiregular
semigroup. For any ǫ > 0, there exists M ∈ N so that if m ≥ M and x ∈ g−1(J(h)), there
exists y ∈ J(hmg) with χ(x, y) < ǫ.
Proof. Given X ⊂ Sn and δ > 0, denote by Nδ(X) the open δ-neighbourhood of X in the
chordal metric. Denote by Uδ the set Nδ(g
−1(J(h))).
We will first assume that g−1(J(h)) ∩ E(h) = ∅. We may suppose that δ > 0 is small
enough that Uδ ∩ E(h) = ∅. Given r > 0, find finitely many points x1, . . . , xk ∈ Sn so that
Bi = Bχ(xi, r) forms an open cover of the compact set g
−1(J(h)). Since each g(Bi) is an
open set intersecting J(h), by Lemma 4.2 we can find M1 ∈ N so that
Uδ ⊂ (hmg)(Bi)
for m ≥ M1 and i = 1, . . . , k. If m ≥ M1, we have J(hmg) ⊂ (hmg)(Bi) for i = 1, . . . , k. By
complete invariance, it follows that for i = 1, . . . , k there exist points of J(hmg) in Bi. Since
this argument applies for arbitrarily small r, it follows that given ǫ > 0, there exists M ∈ N
so that if m ≥ M ,
g−1(J(h)) ⊂ Nǫ(J(hmg)).
Next, suppose that g−1(J(h)) ∩ E(h) 6= ∅. Since E(h) is a finite set and J(h) is infinite,
we can find y ∈ J(h) and z ∈ g−1(y) so that z /∈ E(h). We may then find η > 0 so that the
component E of g−1(Bχ(y, η)) containing z satisfies E∩E(h) = ∅. Since Bχ(y, η)∩J(h) 6= ∅,
there exists M2 ∈ N so that if m ≥M2, then E ⊂ hm(Bχ(y, η)).
We find a sequence of nested closed sets, starting with E0 = E and finding E1 ⊂ E0 so
that if m ≥ M2 is fixed, then (hmg)(E1) = E0. Continuing inductively, we find Ej+1 ⊂ Ej
such that (hmg)(Ej+1) = Ej. If we then set E∞ = ∩j≥0Ej , which is necessarily non-empty,
we conclude that E∞ ⊂ J(hmg). Consequently, E ∩ J(hmg) 6= ∅.
We now finish as above. Cover g−1(J(h)) by finitely many balls Bi, for i = 1, . . . , k, of
radius r > 0 so that g(Bi) intersects J(h). Choose M3 large enough so that if m ≥M3, then
E ⊂ (hmg)(Bi) for i = 1, . . . , k. By complete invariance, we conclude that J(hmg) meets
each Bi. If we are therefore given ǫ > 0, we can find M ∈ N large enough so that if m ≥M
then g−1(J(h)) ⊂ Nǫ(J(hmg)). 
We are now in a position to prove the following characterization of J(G).
Proposition 4.4. We have J(G) =
⋃
g∈G
J(g).
In the case of rational semigroups, this result is proved (see [7]) by using the density of
repelling fixed points of elements of G in J(G). In our situation, however, while it is known
that periodic points of a uqr map are dense in its Julia set (see [19]), it is still open as to
whether the repelling periodic points are dense. We will instead use Proposition 3.6 and
Lemma 4.3.
Proof of Proposition 4.4. For ease of notation, denote by X the set
⋃
g∈G J(g). Clearly X is
closed. Moreover, X cannot be any smaller and still contain J(G) since J(g) ⊆ J(G) for each
g ∈ G. We then are done, by Proposition 3.6, if we can show that X is backward invariant.
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By Lemma 4.3, J(hmg) accumulates on g−1(J(h)). Since hmg ∈ G and X is closed, it follows
that g−1(J(h)) ⊂ X and we are done. 
The main aim now is to show that J(G) is uniformly perfect, provided that G satisfies
a uniform Hölder condition. The idea of the proof combines ideas of Stankewitz [20] for
rational semigroups, and the author and Nicks [5] for uqr maps. First, we make a definition.
Definition 4.5. Let α > 0. Then the class of uniformly α-Hölder maps is{
f : Sn → Sn : Lipα(f) = sup
x,y∈Sn
χ(f(x), f(y))
χ(x, y)α
<∞
}
.
We next show that K-quasiregular maps of the sphere are uniformly Hölder continuous.
Lemma 4.6. If f : Sn → Sn is K-quasiregular and non-constant, then Lip1/K(f) <∞.
Proof. Suppose the claimed result is not true. Then we can find sequences xm, ym in S
n with
χ(f(xm), f(ym))
χ(xm, ym)1/K
→∞
as m → ∞. Since Sn is bounded in the chordal metric, we must have χ(xm, ym) → 0. By
passing to a subsequence if necessary, we may assume that xm and ym converge to some
point x0 ∈ Sn.
Choose Möbius maps Am, Bm that are chordal isometries and which map xm and f(xm)
to 0 respectively. Denote by fm the K-quasiregular map Bm ◦f ◦A−1m . We may choose r > 0
small enough so that on Bχ(0, r), each fm omits a fixed neighbourhood of infinity. Then by
Theorem 2.3, {fm|Bχ(0,r)} is a normal family.
By passing to a subsequence and re-labelling, we may assume that fm → f0 locally uni-
formly on Bχ(0, r). The limit f0 is non-constant, since otherwise f would be constant in a
neighbourhood of x0. By [18, Theorem III.4.7], there exist constants C, s > 0 so that
(4.4) χ(f0(x), 0) ≤ Cχ(x, 0)1/K ,
for χ(x, 0) < s. Set r1 < min{r/2, s/2}. Since fm → f0 uniformly on Bχ(0, r1), given ǫ > 0,
there exists M ∈ N so that if m ≥M then we have
(4.5) χ(fm(x), f0(x)) < ǫ
for all x ∈ Bχ(0, r1). Then by (4.4) and (4.5), we have for m ≥ M
χ(f(xm), f(ym)) = χ(fm(Am(xm)), fm(Am(ym)))
= χ(fm(0), fm(Am(ym)))
≤ χ(fm(0), f0(0)) + χ(f0(0), f0(Am(ym))) + χ(f0(Am(ym)), fm(Am(ym)))
< 2ǫ+ Cχ(0, Am(ym))
1/K
= 2ǫ+ Cχ(xm, ym)
1/K .
Since we can make ǫ as small as we like by choosingm large enough, we obtain a contradiction.

We now prove the main result of this section.
Theorem 4.7. Suppose G is a K-quasiregular semigroup generated by {gi : i ∈ I} and there
is a constant C > 0 so that Lip1/K(gi) ≤ C for all i ∈ I. Then J(G) is uniformly perfect.
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Proof. Suppose the result is false and J(G) is not uniformly perfect. Fix q distinct points
in J(G), where q = q(n,K) is Rickman’s constant, and choose δ > 0 small enough so that
any two of these points are at a chordal distance greater than Cδ1/K from each other and
δ < d/2, where d denotes the chordal diameter of J(G).
Since J(G) is assumed to not be uniformly perfect, by Lemma 2.8 there is a sequence of
round ring domains Am centred at xm ∈ J(G), which lie in F (G), separate J(G) and with
mod(Am) → ∞. If Em is the component of Sn \ Am with smaller chordal diameter, then
diam(Em)→ 0. We may assume that diam(Em) < δ for all m.
Since Em contains elements of J(G), then by Propsition 4.4, there exists h ∈ G so that
Em ∩ J(h) 6= ∅. If E(h) ∩ J(G) = ∅, let U = ∅. Otherwise, let U be the union of at most
q− 1 open chordal disks centred at points of E(h)∩J(G), each of diameter at most d
2(q−1)
so
that the boundary of each disk in U contains a point of J(G). We can find such disks since
J(G) is perfect by Proposition 3.7.
Let J ′ = J(G) \ U . Then diam(J ′) ≥ d
2
> δ. Moreover, by Lemma 4.2, J ′ ⊂ hk(Em) for
some integer k. In particular, diam(hk(Em)) > δ. Let fm ∈ G be an element of minimal
word length (in terms of the generators of G) so that diam(fm(Em)) > δ. We can write
fm = gi1 ◦ . . . gij , where the indices depend on m. Set Fm = gi2 ◦ . . . ◦ gij , or set Fm equal to
the identity if fm is one of the generators. Then by the minimality of the choice of fm, we
have diam(Fm(Em)) ≤ δ. Hence
diam(fm(Em)) = diam(gi1(Fm(Em)))
≤ C diam(Fm(Em))1/K
≤ Cδ1/K .
Since Ak ∪Ek is a ball, we can find Möbius maps ψk : Bn → Ak ∪Ek. Then ψk(0) ∈ J(G).
Let Vk = ψ
−1
k (Ek) and observe that since mod(B
n \ Vk) = modAk, we have diam(Vk)→ 0.
Let hm = fm ◦ ψm. Then hm(Bn \ Vk) ⊂ F (G) and
diam(hm(Vm)) = diam(fm(Em)) ≤ Cδ1/K .
Hence each hm(B
n) omits at least q of the points x1, . . . , xq+1 and so by Theorem 2.3, the fam-
ily {hm} is normal in Bn. By equicontinuity of this family, we have diam(hm(Vm))→ 0 since
diam(Vm) → 0 and 0 ∈ Vm for all m. This contradicts diam(hm(Vm)) = diam(fm(Em)) >
δ. 
Corollary 4.8. If G is a finitely generated quasiregular semigroup, then J(G) is uniformly
perfect.
Proof. This follows immediately from Lemma 4.6 and Theorem 4.7. 
In [20], it was shown that for a rational semigroup G whose generators are all uniformly
Lipschitz, J(G) is uniformly perfect. Moreover, in [8] it was shown that near a fixed point of
a uqr mapping f , where f is locally injective, f is in fact locally bi-Lipschitz. It is therefore
worth pointing out that uqr mappings need not be locally bi-Lipschitz away from branch
points. We will give a simple example to illustrate this.
Example 4.9. Let f(z) = z2 be define on the unit disk D and let U ⊂ D\{0} be a domain on
which f is injective and so that O+(U)∩U = ∅. Let z0 ∈ U and choose a small neighbourhood
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V of z0 with V ⊂ U so that we can define on V
g(z) = f(z0) + (z − z0)|z − z0|β,
for β ∈ (−1, 0). We moreover require g(V ) ⊂ f(U). We then replace f on V by g and
interpolate on U \ V via Sullivan’s Annulus Theorem (see [22]) to obtain a map f1 : D→ D.
By construction, f1 is uqr, but Lip1(f1) is not finite due to the behaviour of f1 at z0.
5. Examples
In this section, we will exhibit several classes of examples of quasiregular semigroups. How-
ever, we start by noting that we have to be careful when generating quasiregular semigroups.
Throughout, we have made the assumption that the degree of each element of a quasiregular
semigroup is at least two. Unlike with rational semigroups, we cannot just include a Möbius
map in the generating set without taking care.
Proposition 5.1. Let f : Sn → Sn be K-uqr with K > 1. Suppose there exists x0 ∈ Sn with
f ′(x0) 6= λO for some λ > 0 and orthogonal matrix O. Then there exists a Möbius map A
so that A ◦ f is not uqr. Consequently 〈f, A〉 is not a quasiregular semigroup.
We will use the fact that the only uniformly quasiconformal linear maps are of the form
λO for λ > 0 and O orthogonal, see [12].
Proof. We may assume x0, f(x0) ∈ Rn, otherwise conjugate by an appropriate Möbius map.
The point x0 cannot be a fixed point of f because then the maximal dilatation of [f
′(x0)]
m
diverges as m→∞, see [12]. Let A be a translation sending f(x0) to x0. Then A ◦ f has x0
as a fixed point, and [(A ◦ f)m]′(x0) = [f ′(x0)]m. Again we apply [12] to conclude that A ◦ f
is not uqr. 
5.1. Solutions to the Schröder equation. We start this section with the following defi-
nition, see [10] and for a more general definition see [3].
Definition 5.2. A quasiregular mapping h : Rn → Rn is called strongly automorphic if there
exists a discrete group of isometries G so that the following two conditions hold:
(i) h ◦ g = h for all g ∈ G,
(ii) G acts transitively on the fibres h−1(y), that is, if h(x1) = h(x2), then there exists
g ∈ G such that x2 = g(x1).
Then G has a maximal translation subgroup T . There are three classes (see [3] for more
details):
(i) ℘-type, where T is isomorphic to Zn,
(ii) sine-type, where T is isomorphic to Zn−1 and there is a rotation identifying prime ends
of the beam Rn/T ,
(iii) Zorich-type, where T is isomorphic to Zn−1 and there is no such rotation.
If A = λO, for λ > 1 and O orthogonal, satisyfing AGA−1 ⊂ G, then the Schröder
equation
(5.1) f ◦ h = h ◦ A
has a unique solution f that is a uqr map that extends to a uqr map f : Sn → Sn, see [3, 10].
Again there are three possibilities:
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(i) f is of Lattés-type if h is of ℘-type,
(ii) f is of Chebyshev-type if h is of sine-type,
(iii) f is of power-type if h is of Zorich-type.
Mayer [14, 15] waas the first to construct example of power-type and Chebyshev-type uqr
mappings. We remark that each of these three cases can occur in every dimension at least
two. Now, fix a Zorich-type map h and assume that the translation part of G is generated
by e1, . . . , en−1, where ej is the standard j’th unit vector in R
n. We will also assume that h
maps the hyperplane {xn = r} onto the sphere {|x| = er} as in the standard constuction of
a Zorich-type map (see [3] and references therein).
Now, any g ∈ G has the form
g(x1, . . . , xn−1, xn) = (x1 +m1, . . . , xn−1 +mn−1, xn)
for some integers m1, . . . , mn−1. For d ∈ Z and λ > 0, define
Ad,λ(x1, . . . , xn−1, xn) = (dx1, . . . , dxn−1, dxn + lnλ).
A calculation shows that
Ad,λgA
−1
d,λ(x1, . . . , xn−1, xn) = (x1 + dm1, . . . , xn−1 + dmn−1, xn)
and hence Ad,λgA
−1
d,λ ∈ G. Denote by fd,λ the unique uqr solution to the Schröder equation.
We observe that in dimension two, if h is the usual exponential function, then fd,λ(z) = λz
d.
We will denote by F the family
F = {fd,λ : d ∈ Z, λ > 0}.
Now, if we have two maps f1, f2 ∈ F , then they arise from two linear maps Ad1,λ1 and Ad2,λ2
and solving the Schröder equation. Hence
(f1 ◦ f2) ◦ h = h ◦ (Ad1,λ1 ◦ Ad2,λ2).
Since
Ad1,λ1 ◦ Ad2,λ2 = Ad1d2,λ1λd12 ,
it follows that f1 ◦ f2 ∈ F and hence F is closed under composition. Moreover, since each
Ad,λ is conformal, if h is K-quasiregular, then each element of F is K2-quasiregular. We
have shown the following result.
Theorem 5.3. If G = 〈{fdi,λi}i∈I〉, then G is a quasiregular semigroup.
One can make similar constructions of quasiregular semigroups using sine-type maps and
℘-type maps by using solutions of the Schröder equation with Ad(x) = dx. We, however,
will restrict to the case above and give some results on the types of Julia sets that can arise
from such semigroups.
Lemma 5.4. If d ∈ Z and λ > 0, then J(fd,λ) = S(λ1/(1−d)), where S(r) denotes the
Euclidean sphere centred at 0 of radius r > 0.
Proof. Since h maps the hyperplane {xn = r} onto S(er), it follows from the Schröder
equation that fd,λ maps S(r) onto S(λr
d). Since 0,∞ are superattracting fixed points for
fd,λ (see [3]), the Julia set of fd,λ arises as the sphere with radius t, where t = λt
d. The
result follows. 
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Our first example is the higher dimensional analogue of [7, Example 1], which in particular
shows that the Julia set of a quasiregular semigroup can have interior points without being
all of Sn, in contrast to the case of uqr mappings.
Proposition 5.5. For every a > 1, there exists a quasiregular semigroup G in Rn, n ≥ 2,
so that J(G) is the closed ring {x : 1 ≤ |x| ≤ a}.
Proof. Let f = f2,1 and g = f2,1/a where a > 1. Then f, g ∈ F and denote by G =
〈f, g〉. Then J(f) = S(1) and J(g) = S(a) by Lemma 5.4. Since f−1(S(r)) = S(√r) and
g−1(S(r)) = S(
√
ar), we have
f−1(J(g)) = S(
√
a) = g−1(J(f)),
and
f−1(S(
√
a)) = S(a1/4), g−1(S(
√
a)) = S(a3/4).
By induction and backward invariance, S(aj/2
m
) ⊂ J(G) for j = 1, . . . , 2m − 1. Since J(G)
is closed, it follows that {1 ≤ |x| ≤ a} ⊂ J(G). Now, {|x| < 1} is mapped into itself by both
f and g, and the same is true for {|x| > a}. Hence both these sets are contained in F (G).
It follows that J(G) = {1 ≤ |x| ≤ a}. 
The next example is a higher dimensional analogue of a result of Morosawa [17] which
shows that in dimension n, we can construct a quasiregular semigroup G with Hausdorff
dimension arbitrarily close to n. We remark that the Hausdorff dimension of J(G) is strictly
positive, since dimH J(g) > 0 by [5, Theorem 1.2].
Proposition 5.6. There exists a quasiregular semigroup G in Rn, for n ≥ 2, so that J(G)
is, topologically, a product of a Cantor set and an (n− 1)-sphere. Moreover, for any ǫ > 0,
G can be chosen so that dimH J(G) > n− ǫ.
In [17] and in dimension two, such Julia sets are called Cantor targets. In higher dimen-
sions, we might call them Cantor shells.
Proof. For k ∈ N, let pk = f2k,22−2k ∈ F and qk = f2k ,21−2k ∈ F . By Lemma 5.4, we have
J(pk) = S(2
ck), where ck =
2k−2
2k−1
and J(qk) = S(2).
For N ∈ N, let G = 〈p1, . . . , pN−1, qN〉. Then it is not hard to see that {|x| < 1} ∪ {|x| >
2} ⊂ F (G). Next, consider the logarithm to base 2 of the inverses of the radial parts of pk
and qN , that is
ϕk(t) =
t
2k
+ 1− 1
2k−1
, φN(t) =
t
2N
+ 1− 1
2n
.
One can then show, as in [17], that the iterated function system (IFS) generated by {ϕ1, . . . , ϕN−1, φN}
satisfies Moran’s open set condition which makes the Hausdorff dimension of the attractor
set computable. For N chosen large enough, one can show that J(G) is arbitrarily close to
n. Again, we refer to [17, Theorem 6] for the details of this argument. 
5.2. Antoine’s necklaces. We briefly recall the uqr map constructed in [6], which has a
particular wild Cantor set, called an Antoine’s necklace, for its Julia set. The construction is
in dimension three and it is still open as to whether there exist analogous uqr constructions
in dimension at least four.
Let X0 ⊂ B(0, 2) ⊂ R3 be a solid torus and let m ≥ 4 be a square even integer, say
m = d2. Choose mutually disjoint solid tori X1,1, . . . , X1,m contained in the interior of X0 so
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that X1,i and X1,j are linked if and only if |i− j| ≡ 1(modm) and, when linked, they form
a Hopf link. Let ϕj : X0 → X1,j be linear maps, for j = 1, . . . , m and define
X1 =
m⋃
j=1
X1,j =
m⋃
j=1
ϕj(X0).
The required uqr map f is constructed as follows:
(i) on X1, f is defined via the various linear maps ϕ
−1
j ,
(ii) f is a particular branched covering X0 \X1 → B(0, 2) \X0,
(iii) outside B(0, 2), we set f to be a uqr power-type map fd,1 of degree d
2, recalling the
previous section,
(iv) finally on B(0, 2) \ int(X0), we use an extension theorem of Berstein and Edmonds.
We refer to [6] for more details. The Julia set for f is then the attractor for the IFS generated
by the maps ϕ1, . . . , ϕm and is a wild Cantor set. If an orbit remains on J(f), then f only
ever acts by Möbius maps. Otherwise, f acts by finitely many Möbius maps, two quasiregular
maps, and then a uqr map, with some of these steps possibly omitted. It follows that f is
uqr.
This construction is far from unique, since m just needs to be a sufficiently large even
square integer, and the exact configuration of the smaller tori within the larger gives plenty
of freedom. Let us then fix X0 and consider a collection f1, . . . , fk of uqr maps constructed
as above.
Theorem 5.7. Let G = 〈f1, . . . , fk〉 act on S3, with fi as above. Then G is a quasiregular
semigroup and J(G) is the attractor set for the IFS generated by the collection ϕij of linear
maps used to construct fi.
Proof. Each fi has degree mi, where mi = d
2
i is a sufficiently large square even integer, and
the Julia set of fi is the attractor for the IFS generated by the linear maps ϕ
i
1, . . . , ϕ
i
mi
.
Denote by X i1 the set X1 in the above construction for fi.
On S3\B(0, 2), G is a family of power-type maps generated by fdi,1 and hence by Theorem
5.3 and Lemma 5.4, S3 \B(0, 2) ⊂ F (G). Next, let x0 ∈ B(0, 2) \
⋃
i∈I X
i
1. Then no matter
what elements of G act on x0, after two iterations, x0 is mapped outside B(0, 2). Otherwise,
x0 is acted on by Möbius maps, either infinitely often or finitely many times before being
mapped into B(0, 2) \⋃i∈I X ii . It follows that G is a quasiregular semigroup.
The claim about J(G) follows, since if x0 is not in the attractor set for ϕ
i
j , then we can
find δ > 0 so that O+(B(x0, δ)) omits the infinitely many points in, say, J(f1). This means
that x0 ∈ F (G). 
5.3. Conformal traps. Conformal traps were introduced in [9] and yielded the first exam-
ples of uqr maps constructed in Sn for n ≥ 3. One of the features such uqr maps have is that
the Julia set is a tame Cantor set. We briefly recall how one can modify a given quasiregular
map to obtain a uqr map with a conformal trap following the presentation in [13].
Starting with any non-injective quasiregular map f : Sn → Sn, for n ≥ 2, and of degree
d, choose x0 ∈ Sn satisfying the following properties:
(i) {x0, f(x0), f−1(x0)} ∩ (Bf ∪ {∞}) = ∅,
(ii) there exists a Euclidean ball U0 := B(x0, r) so that f
−1(U0) has components U1, . . . , Ud
and f : Uj → U0 is injective for j = 1, . . . , d,
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(iii) f(U0) ∩
⋃d
i=0 Ui = ∅.
Let f−1(x0) = {x1, . . . , xd} and choose a, b > 0 with 2b < a and
(i) B(xi, a) ⊂ Ui for i = 0, . . . , d,
(ii) B(f(x0), a) ⊂ f(U0),
(iii) B(x0, b) ⊂
⋂d
i=1 f(B(xi, a)),
(iv) f(B(x0, b)) ⊂ B(f(x0), a).
On Sn \⋃di=0B(Xi, a), we now set f˜ = f . For i = 1, . . . , d set f˜ |B(xi,b) to be a translation
onto B(x0, b), and set f˜ |B(x0,b) to be a translation onto B(f(x0, b)). On each B(xi, a)\B(xi, b),
apply Sullivan’s Annulus Theorem to find a quasiconformal extension defining f˜ everywhere.
Next let Φ : Sn → Sn be a Möbius involution exchanging B(x0, b) with its complement
and then define g = Φ ◦ f˜ . The map g : Sn → Sn is uqr. To see this, on B(x0, b), f˜ is
a translation onto B(f(x0), b) and Φ is then a conformal map. Hence g conformally maps
B(x0, b) into itself. Hence g has an attracting fixed point in B(x0, b). On S
n \⋃di=1B(xi, a),
f˜ may have distortion, but then Φ will map the image into B(x0, b), on which we know the
iterates of g act conformally. Finally, for i = 1, . . . , d, g acts on B(xi, a) by a conformal map,
say ϕi, with image S
n \B(x0, a).
The Julia set of g is then the attractor set of the IFS generated by ϕ−11 , . . . , ϕ
−1
d , and can
be shown to be a tame Cantor set.
Theorem 5.8. Suppose g1, . . . , gk are uqr maps in S
n, for n ≥ 2, constructed as above
with the same conformal trap B(x0, b), for b > 0. Then G = 〈g1, . . . , gk〉 is a quasiregular
semigroup and J(G) is an attractor set for an IFS generated by Möbius maps.
Proof. On B(x0, b), G acts by conformal maps, whereas if x0 is outside B(x0, b), any element
of G either acts conformally, or maps x0 into B(x0, b). We conclude that G is a quasiregular
semigroup.
If J(gi) is the attractor set for the IFS generated by ϕ
−1
i,1 , . . . , ϕ
−1
i,di
, then J(G) is the
attractor set for the IFS generated by
⋃k
i=1{ϕ−1i,1 , . . . , ϕ−1i,di}. 
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